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We report on our experience in teaching a dynamical systems course to second
year engineering students. The course has been taught with a hands-on ap
proach, using a Computer Algebra System: Maxima. We have developed some
additional programs to help students explore the dynamics of the systems, in a
more intuitiva way and without losing too much time with computer program
ming. The result has been very encouraging; students are better motivated
using this approach, as compared to the more traditional methods that we
used in the past.

1. Mechanics for Engineering students
Our engineering students in the University of Porto have to take two courses
in Physics during their first. or second year of studies. The first course is a
course on Newtonian mechanics. When they attend that course, they have
already taken one or two semesters of calculus, and during their high-school
studies they must have already studied particle kinematics and dynamics.
The main goal of the first course in physics is then to solve the equations
of motion for some mechanical systems; for example, for a one-dimensional
system the equations of motion are:

.F(x,v)

(1)
(2)

where x is the position, v the speed, m the mass and F is the total external
force, which might depend on x and v.
In general, equations 1 and 2 lead to a non-linear system. In order to solve
those equations analytically, a traditional introductory course in mechanics
will only deal with two cases that lead to linear systems: constant forces
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and forces which do not depend on v. In the first case, we usually study
in detail the motion of projectiles in a constant gravitational field neglect
ing friction. In the second case we study in detail the harmonic osciliator
without damping.
The problem with that traditionai approach is that students end up mem
orizing the results for motion under a constant force and for the harmonic
osciliator and loose track of the more genëral picture of the equations of
motion. On the other hand, those cases that lead to linear systems corre
spond to ideaiized systems which are very unrealistic. Consider for instance
the case of projectile motion; if we ask a student to caicuiate how far a bali
wiil travei if he throws it horizontally from bis shouider height and with an
initial speed of 20 m/s, the student’s intuition will teu him/her that the an
swer should be very different for different kinds of baus: tennis, ping-pong,
basebaH, etc.
Nowadays that students have personai cómputers and calcuiators it does not
make sense to hmit ourselves to probiems that have an anaiytical solution
by teaching them to solve differential equations numericaiiy, we can ask
them to solve more reaiistic problems including friction and other effects.
They can even be exposed to more modern topics in dynamics, such as
chaos and fractals.
We can aiso take advantage of the use of the computer in the classroom to
use a new approach to the study of differentiai equations which has been
advocated by severai teachers of that fieid [1]. That new methodoiogy uses
graphicai anaiysis extensiveiy to give the stüdents a better insight into the
nature of a system of differentiai equations and its soiutions. The course we
describe in this paper has been dubbed Dynamicai Systems, and substitutes
for the traditionâi course on mechanics.

2

Computer Álgebra Systems

Students will get distracted from the goals of the dynamicai systems course
if they have to make their own computer programs. Whiie if they are given
results obtained by somebody eise they wilI not gain the experience neces
sary to comprehend the concepts invoived.
A good aiternative is to use aComputer Aigebra System (CAS). A CAS
allows students to manipuiate differential equations, find eigenveàtors of a
matrix and do some other essentiai calculations for the analysis of a dy
namicai system [2]. A CAS aiso inciudes a high-levei programming ianguage
‘that wiil allow studentsto do some simpie programming without having to
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learn the more complex syntax of a general-purpose programming language.
They can thus spend more time analyzing the physics of the solutions.
A CAS includes programs to solve differential equations numerically. There
are several libraries written in various different programming languages,
which can also be used to solve differential equations numerically. The ad
vantage of using a CAS, over using one of those -libraries directly, is that the
differential equations to be solved can be passed to the program directly
and could be the result of some other algebraic simplification made with
the CAS. The equations being solved and the solutions obtained can also
be graphed, or manipulated to do some further analysis, for instance, to
determine the stability of the system.
A CAS will also provide a way for students to type in mathematical equa
tions. Consider for instance a partial derivative:
03(5xy2)
8x8y2
In Maxima this would be typeset as

-

diff(5*x*y~2, x, 1, y, 2)
Using this kind of notation, students have to be more rigorous. In some

cases, they even get a better insight into the mathematicàl notation when
they have to type an equation with the keyboard and in a single une of
text..
A CAS system allows students to spent less time with algebraic calculations,
leaving more time for physical analysis; it also allows students to get a
geometric visualization of the solutions of a differential equation in phase
space.
-

3. Maxima
Maxima [3] is a CAS distributed with a Free Software license It is a descen
dant of one of the oldest Computer Algebra Systems Macsyma developed
in the late 1960’s at the M.I.T.
We use Maxima as the basic tool for our course on dynamical systems. Be
ing free software, we have been able to study its source code and create two
additional packages for our course: plotdf, which plots the direction field
for differential equations with two state variables, and dynamics which
inçiudes -several programs to plot fractais -and bifurcation diagrams and a
program to solve differential equations numerically. Those two additional
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packages are distributed with the official distribution ofMaxima. The doe
umentabion included in Maxima describes those two packages in detail.
Maxima is written in Lisp and the graphical interfaces we use are written
in Tcl/Tk. There is a very active development team who have helped us
with the programming of those additional packages.
Creating additional packages for Maxima can be made using its own pro
gramrning language or in Lisp, which is the language in which Maxima is
written. A good reference for programming in Lisp for Maxima is the book
by Norvig [4j.
As any other CAS, Maxima has a syntax that at first can be unfamiliar to
students. For instance, they have a tendency to use the equal sign as an
assignment operator, as done in most computer languages, and not with
the usual mathematical meaning. They also have to become familiar with
the greater variety of objects that can be manipulated in a CAS: rational
numbers, algebraic expressions, mathernatical equations, etc.
Once they overcomé that initial stage, they get very motivated by the many
features of a CAS: factoring algebraic expressions, solving equations, dif
ferentiating and integrating functions, and so on.
4. Some sample sessions

The version of Maxima that will be used in the examples on this section is
5.12, released in April of 2007.
Figure 1 shows a sample session where the simple pendulum is studied, as
shown in the graphical interface Xmaxima. The maxima commands at the
bottom can be clicked by the student to enter them into Maxima. After
entering the two equations and loading the package plotdf, The command
we used to plot the direction field for that system was:
plotdf([eql, eq2], [a,w],
[parameters, “g=9.8,1=0.5,m=0.3,b~’0.05”],
Csliders, “m=O.l:l”] , [a, —10,2], [w, —14,14],
[trajectory_at, 1 05, —9], [versus_t 1]
[tstep,0~01], [nsteps,300], [direction,forward])$
The first argument for the program plotdf is a list with the two dynamical
equations, followed by another list that names the two state variables, in
the sarne order thattheir derivatives were given. The option parameters
is used to fix numerical values for the parameters in the equations. Option
sliders will draw a sliding bar that will allow changing thé value of the
parameter m in real time when the plot is seen. Following the sliders option,
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Figure 1 Sample session in Xmaxima, about the simple pendulum.

we defined the domam that should be shown for the two state variables a
and w (which stand for a and w).
Option trajectory_at is used to draw, on top of the direction field, the
solution of the system with the initial values given. More solutions can be
plotted interactively just by clicking on the initial point in the direction
field. Option versus_t will produce a second graph, where the state vari
ables are plotted as a function of time, for the solution that was defined
with trajectory_at. Options tstep and nsteps were used to modify the
default values for the time intervais and number of steps used to obtain
the solution numerically. Finally option direction obtains the numerical
solution for times -intervais increasing from the initial instant, and not for
times before and after that instant, which is the default.
The result is shown in Figure 2. In the graphics windows where those plots
appear there is also a menu with several options, including saving the plots
as Postscript files.
A session as the one shown in Figure 1 corresponds to one of the weekly
two-hour sessions that the students attend in the course. Those sessions are

-

130

———~.~
— — — — ~
~
— — —~-.~

—

—

~

~
“.

-~

~ ./_
~

—

—

/

—

/

-.

\\
r
~N~—
‘

.-

~-

.‘
.-

/

—

—

Figure 2 Direction fleld for a simple pendulum, showing a particular solu
tion on the phase space (left) and as a function of time (right).

h~ld in groups of around 20 students, at computer rooms equipped with one
computer for every two students. They can work either in GNU/Linux or
the Windows operating system. In each of those sessions students will log in
to a Moodie server where they can find the session they have to study that
week, as well as a list of problems that they are expected to solve during the
session. Moodie [51 is a very popular Course Management System, namely,
an e-learning system that helps teachers create a course Web page with
several predefined activities that can be used, for instance, forums, quizzes,
chat sessions and many more.
The students must open the session with Xmaxima, and follow the steps.
After that, they can work on the problems. proposed. At the end of each
session, each student will submit to the Moodle server a batch file with the
commands used to solve the problems. The lecture notes provided to the
students have become a book that can be downloaded from the Web [61.
.Another example, ,solved in one of the sessions, is the discrete mapping:
x
0.6x(1 ± 2x) ± 0.8y(x 1)
0.9
yF—*01x(1—6x+4y)+Oly(1+9y)---04
‘—~

—

—

—

(3)
(4)

which leads to a chaotic system. After saving the last side of the two equa
tions above into two Maxima variables f and g, and after loading the ad
ditional package dynamics, The students can obtain a plot of several iter
ations of the system using the Maxima command:
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evoiution2d([f, g], [x, y], [—0.5, 0], 50000, [styie, dots])$
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Figure 3 The orbit of a chaotic discrete system in two dimensions, showing
the state at 50000 steps.
Figurê 3 shows the graph obtained for 50 000 iterations with starting values
(x, y) = (—0.5,0). The students can enlarge a portion of the graph, to see
its fractal nature.
The package dynamics also includes a program to draw the Julia and Man
delbrot sets. For example, to draw the Julia set for the complex numbèr
(—0.75 + 0.1 i), we would use a command as the following:
julia(—0.75, 0.1, [leveis, 160],

[radius, 1])$

Figure 4 shows the result. 160 iterations werè used, and the option radius
was used to show oríly the region of the complex plane z with: —1 <Re(z) <
1 and—1 < Im(z) < 1 (thecenteris by default at the origin).
5

Results and Conclusions

The Dynamical Systems course we have described is attended by first-year
undergraduate students majoring in Computing and Information Engineer
ing. There is an average enrollment of around 120 students.
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Figure 4 A graphical representation of a Julia set.

The evaluation of the course is made through multiple-choice quizzes, which
are then graded in the Moodie server, and with a term paper on a project
given to each student. Those term projects involve some bibliographic re
search and analyzing some dynamical system using Maxima.~~,
We have been teaching this course on dynamicai systems in our School
since the Fali of 2003. The traditionai course on Mechanics, as weil as most
courses on i~hysics and Mathematics taught at our Schooi, used to have
very low approval rates. During the years that we were invoived with the
teaching of the mechanics course, the approval rate was dose to 50%.
Thé year when we introduced the new course on Dynamicai Systems, the
approvai rate increased drarnaticaliy to over 90%. That improvement is due
in part to the use of a more active teaching methodology and to the change
in evaluation method, using a term paper instead of a final exam. However,
it is very clear that the students’ motivation has increased and they are
much more interested in the modern topics included with the new course.
The feedback from the students has been very positive and the results from
yearly student surveys conducted at our School show that thêy are very
satisfied with this new course.
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Computing tools have proved to be a very valuable aid for teaching the
subject of dynamical systems. Maxima has been used successfully in a class
with several students. Using CAS tools some tasks are much easier for
the students, but that does not mean they have to work less: by lowering
the initial barriers, students move deeper into more advanced topics which
are more demanding in other skills. What happens is that the reasoning
expected from the students has shifted from mastering algorithms and an
alytical methods, into getting a better understanding on how a system
evolves.
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