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Capítulo 1

Sumários

Disciplina: Física 1.

Curso: Mestrado Integrado em Engenharia Informática e Computação. Segundo se-
mestre do primeiro ano.

Ano académico: 2019–2020, segundo semestre.

Regente: Jaime E. Villate.

Docentes: Joana Ascenso, Mercedes Filho, Luis Miguel Martelo e Jaime E. Villate.

Número de alunos: 222.

Método de avaliação: Exame final (100%).
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(%i1) Ω*t = integrate(1/sqrt(A^2-s^2),s, -A ,s);
Is s + A positive, negative or ze ro ?
pos;
Is s - A positive, negative or zero?
pos;
Is A positive, negative or zero?
                                            s    %pi
(%o1)                   t Ω = asin(-) + ---
                                            A     2
(%i2) solve(%,s);
(%o2)                   [s = - A cos(t Ω)]
(%i3) Ω*t - %pi = -integrate(1/sqrt(A^2-s^2),s,A,s);
Is s - A positive, negative or zero?
pos;
Is s + A positive, negative or zero?
pos;
Is A positive, negative or zero?
pos;
                                         %pi         s
(%o3)                t Ω - %pi = --- - asin(-)
                                           2          A
(%i4) solve(%,s);
(%o4)                   [s = - A cos(t Ω)]
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rodas com massa e atrito cinético no eixo desprezáveis.
Encontre as equações de movimento do sistema.
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O fio tem massa desprezável
e não desliza sobre as roldanas.

As roldanas são discos
homgéneos com atrito no eixo
desprezável.

       é a massa do cilindro do
meio mais o suporte da roldana
móvel.

Determine as acelerações dos
3 cilindros.

7m
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(%i1) gradef(y1,t,v1)$
(%i2) gradef(y2,t,v2)$
(%i3) gradef(v1,t,a1)$
(%i4) gradef(v2,t,a2)$
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(%i5) y3: k-y1-2*y2$
(%i6) v3: diff(y3,t);
(%o6)                      (- 2 v2) - v1
(%i7) a3: diff(v3,t);
(%o7)                      (- 2 a2) - a1

(%i8) Ec: expand(8*m*v1^2/2+7*m*v2^2/2+5*m*v3^2/2+2*m*v2^2/2
              +(m*r1^2/2)*(v1/r1)^2/2+(m*r2^2)*((v1+v2)/r2)^2/2
              +(m*r3^2/2)*(v3/r3)^2/2);
                                                2
                        2                15 m v1
(%o8)            16 m v2  + 12 m v1 v2 + --------
                                            2
(%i9) U: expand(-8*m*g*y1-7*m*g*y2-2*m*g*y2-5*m*g*y3);
(%o9)               g m y2 - 3 g m y1 - 5 g k m

(%i10) e1: diff(diff(Ec,v1),t)-diff(Ec,y1)+diff(U,y1)=0;
(%o10)           (- 3 g m) + 12 a2 m + 15 a1 m = 0
(%i11) e2: diff(diff(Ec,v2),t)-diff(Ec,y2)+diff(U,y2)=0;
(%o11)              g m + 32 a2 m + 12 a1 m = 0

(%i12) solve([e1,e2],[a1,a2]);
                            9 g         17 g
(%o12)               [[a1 = ---, a2 = - ----]]
                            28          112
(%i13) subst(%,a3);
                                 g
(%o13)                         - --
                                 56
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Pê ndulo simples de massa
e comprimento      , num referencial
com aceleração constante     ,
horizontal.

m
L

�a

Determine a posição de equilíbrio
do pêndulo.

(%i1) vc: [a*t,0]$
(%i2) vpc: w*L*[-cos(q),sin(q)]$
(%i3) vp: vc+vpc;
(%o3)              [a t - L cos(q) w, L sin(q) w]
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(%i4) Ec: m*trigsimp(vp.vp)/2;
                    2  2                       2  2
                m (L  w  - 2 L a cos(q) t w + a  t )
(%o4)           ------------------------------------
                                 2
(%i5) U: -m*g*L*cos(q)$
(%i6) gradef(q,t,w)$
(%i7) gradef(w,t,alfa)$
(%i8) diff(diff(Ec,w),t) - diff(Ec,q) + diff(U,q) = 0$
(%i9) solve(%,alfa);
                             g sin(q) - a cos(q)
(%o9)              [alfa = - -------------------]
                                      L
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Pêndulo simples, incluindo
a resistência do ar.

Determine a equação de
movimento.
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Determine a tensão
no fio.
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T1, T2 : temperaturas em 2
  quartos.

Com as temperaturas em graus
Celsius e o tempo em horas, os
aumentos das temperaturas,
por unidade de tempo, são:

dT1

dt
= 2 − 0.2(T1 − 8) − 0.5(T1 − T2)

dT2

dt
= −0.1(T2 − 8) − 0.5(T2 − T1)

Determine as temperaturas após um tempo elevado.
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(%i1) A: matrix([-0.7,0.5],[0.5,-0.6]);
                               [ - 0.7   0.5  ]
(%o1)                          [              ]
                               [  0.5   - 0.6 ]
(%i2) float(eigenvectors(A));
(%o2) [[[-1.152,-0.1475],[1.0,1.0]],[[[1.0,-0.905]],[[1.0,1.105]]]]
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(%i1) f1: 4-x1^2-4*x2^2$
(%i2) f2: x2^2-x1^2+1$
(%i3) P: float(solve([f1,f2]));
(%o3) [[x2 = -0.7746, x1 = -1.265], [x2 = -0.7746, x1 = 1.265], 
       [x2 = 0.7746, x1 = -1.265], [x2 = 0.7746, x1 = 1.265]]
(%i4) J: jacobian([f1,f2],[x1,x2]);
                              [ - 2 x1  - 8 x2 ]
(%o4)                         [                ]
                              [ - 2 x1   2 x2  ]
(%i5) A: makelist(subst(Q,J),Q,P)$
(%i6) map(determinant,A);
(%o6)                    [- 19.6, 19.6, 19.6, - 19.6]
(%i7) map(mat_trace,A);
(%o7)                 [0.9806, - 4.079, 4.079, - 0.9806]
(%i8) (4.079/2)^2;
(%o8)                                4.16

(%i9) plotdf([f1,f2],[x1,x2],[x1,-3,3],[x2,-3,3]);
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(%i1) plotdf([w,-9.8*sin(q)/0.5],[q,w],[q,-10,10],[w,-20,20]);
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(%i1) B3: rk([y,(1/9/t^2-1)*x-y/t],[x,y],[1,1],[t,0.1,20,0.1])$

(%i2) last(B3);
(%o2)            [20.0, 0.3007, 0.0148]
(%i3) plot2d([discrete,makelist([p[1],p[2]],p,B3)],[xlabel,"t"],
             [ylabel,"x"]);
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(%i1) [vx0, vy0]: float (12*[cos(%pi/4),sin(%pi/4)])$

(%i2) tr1:rk([vx,vy,0,-9.8],[x,y,vx,vy],[0,0,vx0,vy0],[t,0,2,0.01])$

(%i3) last(tr1);
(%o3)      [2.0, 16.97, - 2.629, 8.485, - 11.11]

(%i4) first (sublist_indices(tr1, lambda([p],p[3]<0)));
(%o4)       175

(%i5) r1: makelist([tr1[i][2],tr1[i][3]],i,1,174)$

(%i6) c(R,m) := -%pi*1.2*R^2/4/m$

(%i7) v: sqrt(vx^2+vy^2)$

(%i8) tr2:rk([vx,vy,c(0.0325,0.062)*vx*v,c(0.0325,0.062)*vy*v-9.8],
               [x,y,vx,vy],[0,0,vx0,vy0],[t,0,2,0.01])$

(%i9) first (sublist_indices(tr2, lambda([p],p[3]<0)));
(%o9)           167
(%i10) r2: makelist([tr2[i][2],tr2[i][3]],i,1,166)$

(%i11) tr3:rk([vx,vy,c(0.019,0.0024)*vx*v,c(0.019,0.0024)*vy*v-9.8],
               [x,y,vx,vy],[0,0,vx0,vy0],[t,0,2,0.01])$

(%i12) first (sublist_indices(tr3,lambda([p],p[3]<0)));
(%o12)            133
(%i13) r3: makelist([tr3[i][2],tr3[i][3]],i,1,132)$
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(%i14) plot2d ([[discrete,r1],[discrete,r2],[discrete,r3]],
               [xlabel,"x (m)"],[ylabel,"y (m)"],[y,0,12],
               [legend, "vácuo", "ténis", "ténis de mesa"])$
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(%i1) [m, I, k, a, b]: [0.5, 1e-4, 5, 1e-3, 0.5e-2]$
(%i2) sol:rk([v,w,-(k*z+b*q)/m,-(a*q+b*z)/I],[z,q,v,w],[0.1,0,0,0],
             [t,0,40,0.01])$
(%i3) plot2d([[discrete,makelist([p[1],100*p[2]],p,sol)],
              [discrete,makelist([p[1],p[3]],p,sol)]],[xlabel,"t"],
              [legend,"z","ângulo"])$
(%i4) plot2d([discrete,makelist([100*p[2],p[3]],p,sol)],
             [xlabel,"z"],[ylabel,"ângulo"])$
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(%i1) plotdf([y,2*0.17*(1-x^2)*y-x], [x,y], [x,-4,4], [y,-5,5],
       [trajectory_at,0.1,0.1],[direction,forward],[nsteps,900])$

(%i2) plotdf([y,2*1.7*(1-x^2)*y-x], [x,y], [x,-4,4], [y,-6,6],
      [trajectory_at,0.1,0.1],[direction,forward],[nsteps,900])$
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(%i1) f1: -y+x*(1-2*x^2-3*y^2)$
(%i2) f2: x+y*(1-2*x^2-3*y^2)$
(%i3) solve([f1,f2]);
(%o3)    [[x = 0, y = 0]]
(%i4) plotdf([f1,f2],[x,y],[x,-100,100],[y,-100,100])$
(%i5) plotdf([f1,f2],[x,y],[x,-0.1,0.1],[y,-0.1,0.1])$
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(%i7) [x,y]: r*[cos(q),sin(q)]$
(%i8) gradef(r,t,rp)$
(%i9) gradef(q,t,qp)$
(%i10) eq1: diff(x,t) = ev(f1);
(%o10) cos(q) rp - sin(q) qp r = cos(q) r
                         2     2         2     2
                ((- 3 sin (q) r ) - 2 cos (q) r  + 1) - sin(q) r
(%i11) eq2: diff(y,t) = ev(f2);
(%o11) sin(q) rp + cos(q) qp r = sin(q) r
                         2     2         2     2
                ((- 3 sin (q) r ) - 2 cos (q) r  + 1) + cos(q) r
(%i12) solve([eq1,eq2],[rp,qp]);
                        2            2      3
(%o12)  [[rp = ((- 3 sin (q)) - 2 cos (q)) r  + r, qp = 1]]
(%i13) trigsimp(%[1][1]);
                       2          3
(%o13)        rp = (cos (q) - 3) r  + r
(%i14) plot2d(subst(q=%pi/4,rhs(%)),[r,0,1]);

(%i6) plotdf([f1,f2],[x,y],[x,-1,1],[y,-1,1]);
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(%i1) [f1,f2]: [y^2-x, y+x^2+y*x^3]$
(%i2) solve([f1,f2]);
(%o2) [[y = 0.6428 %i + 0.766, x = 0.9848 %i + 0.1736], 
[y = 0.766 - 0.6428 %i, x = 0.1736 - 0.9848 %i], 
[y = 0.342 %i - 0.9397, x = 0.766 - 0.6428 %i], 
[y = (- 0.342 %i) - 0.9397, x = 0.6428 %i + 0.766], 
[y = 0.9848 %i + 0.1736, x = 0.342 %i - 0.9397], 
[y = 0.1736 - 0.9848 %i, x = (- 0.342 %i) - 0.9397], [y=0, x=0]]
(%i3) J: jacobian([f1,f2],[x,y]);
               [     - 1        2 y   ]
(%o3)          [                      ]
               [    2           3     ]
               [ 3 x  y + 2 x  x  + 1 ]
(%i4) subst([x=0,y=0],J);
                      [ - 1  0 ]
(%o4)                 [        ]
                      [  0   1 ]
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(%i1) u: [x*(1-x/7) - 6*x*y/(7+7*x), y*(1-y/2/x)/5]$
(%i2) solve(u);
(%o2) [[y=0, x=0], [y=0, x=-1], [y=0, x=7], [y=-14, x=-7], 
       [y=2, x=1]]

(%i1) plotdf([x*(6-2*y), y*(3*x-15)],[x,y],[x,0,10],[y,0,10])$
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(%i3) J: jacobian(u,[x,y]);
            [      6 y        42 x y     2 x            6 x      ]
            [ (- -------) + ---------- - --- + 1    - -------    ]
            [    7 x + 7             2    7           7 x + 7    ]
            [               (7 x + 7)                            ]
(%o3)       [                                          y         ]
            [                 2                   1 - ---        ]
            [                y                        2 x    y   ]
            [               -----                 ------- - ---- ]
            [                   2                    5      10 x ]
            [               10 x                                 ]

(%i4) plotdf(u,[x,y],[x,0,10],[y,0,10])$
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